Abstract
INTRODUCTION
Integration of a function over a certain domain is frequently encountered in engineering computations. Finite Element Method (FEM) is one of the computational methods which require such integration technique to obtain the stiffness matrix, k according to the formula below (for solid mechanics):
Where Ω represents domain, B represents strain displacement matrix and D represents matrix property matrix. The stiffness matrix, k is later used to determine response of a material to external loads, such as the nodal displacements, strain and stress components. Apart from solid mechanics, similar integration is also encountered in other engineering applications (which are analyzed using FEM) such as in thermal problems, fluid flow problems and etc. Thus, there have been many integration techniques developed and proposed to perform the integration. Most common technique used in FEM to perform the integration is by using numerical integration technique. Numerical integration is preferred, since it yields good results at lower computational time compared to analytical method. Analytical solutions give accurate results, but require high computational time. Furthermore, analytical solutions might not exist for certain cases.
Numerical integration is performed by using quadrature points and weights, which are generated specifically for certain functions and/or domain. Three different quadrature rules are investigated in this work, namely Classical Gauss Quadrature, Gauss Legendre and Generalized Gaussian Quadrature. The integration points and weights are obtained by solving a set of functions within certain interval. These set of functions could be polynomials, trigonometric functions, and basis functions of a particular function space which define the domain [1] . Resulting Quadrature rules (integration points and weights) can then be used to solve integrands of similar type with the set of functions chosen earlier. Gaussian Quadrature methods use a set of polynomial functions to evaluate the integration points and weights, and thus it can be used to integrate polynomial functions accurately, but performs poorly when the function to be integrated (integrand) is different from polynomials such as functions with fractional power, trigonometric functions and etc. In order to solve for different type of integrands, a new set of functions of similar type as the integrands to be solved for need to be selected and solved for new Quadrature rules. Authors in [2] have proposed to replace the set of functions used to solve for the Quadrature rules from polynomials to functions from wider classes, in order to be able to solve integrands from various function types. Based on this concept, authors in [3] have successfully presented a numerical scheme for Generalized Gaussian Quadrature which can be used to integrate any variety of functions, including smooth functions and functions with singular end points.
Recent advances in numerical integration can be found within the context of polygonal finite element method (PFEM). Those techniques are [4] :  Partitioning of the polygonal domains into several triangles and later perform integration using numerical quadrature rules onto these triangles.  Partitioning the master element into several triangles and perform integration using numerical quadrature rules onto these triangles in the master element with isoparametric mapping  By utilizing cubature rules for irregular polygons based on triangles or conforming mapping.  By utilizing generalized quadrature rules on triangles or polygons based on symmetry groups and numerical optimization. 
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MATHEMATICAL BACKGROUND
Mathematical backgrounds for the three different Quadrature rules are provided in the following subheadings.
Gauss Legendre
In case of Gauss Legendre (w(x) = 1), the set of functions used to solve for integration points and weights are Legendre polynomials [11] .
Where n represents the polynomial degree. The integration points are the roots for the Legendre polynomials and can be determined using numerical technique such as NewtonRaphson;
Where i represents the iteration number, n represents the polynomial degree, and r represents the r th root of the polynomial. Once integration points x i are determined, the weights can be calculated using the relation:
Integration interval for Gauss Legendre is [-1, 1].
5 th Order Classical Gaussian Quadrature
Classical Gauss Quadrature (w(x) = 1) integrates general polynomials with order 2n-1 exactly, where n represents integration order. The integration interval is [0, 1]. The general polynomials are of the form:
Thus, the integration can be represented as: Rewriting the integration in numerical form and substituting the function with general polynomials (equation (5)) gives;
Integration points x i and weights w i can then be obtained by comparing equations (6) and (7) 
Generalized Gaussian Quadrature
Gaussian Quadrature method such as Gauss Legendre uses set of polynomial functions to evaluate the integration points and weights, and thus the method performs well when the integrand is a polynomial function. The method performs poorly when the integrand is different from polynomial function.
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NUMERICAL INTEGRATION
Integration over a 2-dimensional domain can be represented using Fubini's theorem 
The U and L in the equation (11) above represents upper and lower limits of the integration, which can be set as 0, 1, or -1, depending on the Quadrature rule of choice.
SEMI-ANALYTICAL INTEGRATION
Line integral which was introduced by G. Dasgupta, [7] enables integration to be carried out without a need to partition the region. The method reduces double integration to single integration through use of divergence theorem. An integrand is integrated analytically with respect to variable x first, and next integration with respect to variable y is carried out using one dimensional Quadrature rule. Formula for integration of a function with respect to the second variable is recalled from [7] :
Single integration given by equation (12) is carried out numerically using Classical Gauss Legendre, Generalized Gaussian Quadrature and 5 th order Gaussian Quadrature. Equation (12) is converted to numerical form through the following relation:
where a, b represents integration limits, f(x) represents function to be integrated (integrand), w(x) represents weight functions, w i represents integration weights, xi represents integration points, i = 1,2,3,…n, and n represents integration order.
EXACT INTEGRATION
The generalized equation ( (14) It can be seen that the method shown in equation (14) requires handling of symbols to identify the variables x, y and their respective powers, m and n. The exact integration method is limited to polynomials functions.
NUMERICAL EXAMPLE
Set of functions f (x, y) are integrated using the integration schemes above (numerical, semi-analytical and exact integration techniques), over a symmetrical hexagon with coordinates shown in Fig -1(a) . Set of functions selected include polynomial function, rational function, function with rational power, natural logarithmic function and exponential function. The symmetrical hexagon is separated into 2 regions; R 1 and R 2 according to the requirement of Fubini's Theorem, as shown in Fig -1(b) . Each region is enclosed by two constant lines and two linear functions. Tables 1-6 , it is seen that for numerical integration technique, the Generalized Gaussian Quadrature tends to provide converging solution when integration order is increased. For all the functions which have been tested, Generalized Gaussian Quadrature outperforms Classical Gauss Legendre and 5 th order Gaussian Quadrature. Fractional functions could not be solved using Classical Gauss Legendre and 5 th order Gaussian Quadrature for certain integration orders. This is due to the fact that some of the integration points or weights of these rules contain value of zero (leads to singular point). Apart from that, these Quadrature rules were not generated based on fractional functions.
As for semi-analytical integration technique, the Classical Gauss Legendre and 5 th order Gaussian Quadrature are able to solve fractional functions. This is caused by the analytical integration of the first variable. Accuracy of the results obtained from this technique has slightly improved compared to the numerical integration technique. However, this technique would require more computational time compared to the numerical integration technique, due to the symbolic manipulation.
Finally, the exact integration technique yields accurate solutions at lower computational time compared to the analytical solutions. However, this technique is applicable for monomials only. The exact integration technique is suitable for FEM based on stiffness matrices which consist of simple polynomials, such as virtual node method and strain based elements. This technique provides an alternative for existing numerical integration techniques, especially Gaussian quadrature which requires high number of integration points and weights to integrate higher order monomials. 
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CONCLUSIONS
Accuracy of three different Quadrature rules -Classical Gauss Quadrature, Gauss Legendre and Generalized Gaussian Quadrature in performing numerical integration within two dimensional domains have been successfully compared through simulations. Three different integration techniques have been demonstrated in this work, which are the numerical, semi-analytical and exact integration techniques. The integration limits were converted accordingly through utilization of the generalized equations developed by the author in previous work [13, 14] . It is seen that Generalized Gaussian Quadrature performs better compared to other Quadrature rules. Semi-analytical method is recommended for simple integrals and when high accuracy is required, since the method requires high computational time and solution might not exist for complex integrals. The exact integration technique is applicable for FEM based on stiffness matrices which consist of simple polynomials, such as virtual node method and strain based elements. 
